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Abstract 

Matrix solutions of a noncommutative KP and a noncommutative 
mKP equation which can be expressed as quasideterminants are discussed. 
In particular, we investigate interaction properties of two-soliton solutions. 

1 Introduction 

A considerable amount of literature exists concerning noncommutative inte- 
grable systems. This includes noncommutative versions of the Burgers equation, 
the KdV equation, the KP equation, the mKP equation and the sine-Gordon 
equation [ni[Tl[Til[l[Tl[Hl[51[Il[IIl[I]. These equations can often be ob- 
tained by simply removing the assumption that the dependent variables and 
their derivatives in the Lax pair commute. 

This paper is concerned with a noncommutative KP equation (ncKP) and 
a noncommutative mKP equation (ncmKP) [19l [13] . The Lax pair for ncKP is 
given by 

L^p^dl+v,^-dy, (1) 
Mkp = 49^ + QvA + iv^x + ivy + dt . (2) 

Both Lkp and Mkp are covariant under the Darboux transformation 
Gg = 9dx0~^ , where 9 is an eigenfunction for L^p,M^p. From the compatibil- 
ity condition [Lkp,Mkp] = we obtain a noncommutative version of the KP 
equation: 

] = 0, (3) 
where u = v^- For ncmKP, the Lax pair 19] is given by 

i.„KP =dl + 2wdx - dy, (4) 
M„KP = 49^ + 12wdl + 6(u;:, -I- + W)dx+dt. (5) 
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Both -L,„KP and M„kp are covariant under the Darboux transformation 

Ge — {{9~^)x)~^dx0~^ , where 6 is an eigenfunction for L,-„kp, AfmKP- The com- 

patibihty condition [L,-„kp, Af,„Kp] = gives 

= Wt + Wxxx - GwWxW + SWy + S[Wx, W]+ - SIWxxtW] - 3[W, w^], (6) 

= Wx-Wy + [w,W]. (7) 

Equations ([6]) and ^ form a noncommutative version of the niKP equation. 
Equation ([7]) is satisfied identically by applying the change of variables ,19J 

w^-fxr\ w = -fyr\ (8) 

The change of variables ([S]) has also been used in [B] to study a noncom- 
mutative niKP hierarchy. For both ncKP and ncmKP equations, we consider 
families of solutions obtained from iterating binary Darboux transformations. 
These solutions can be expressed as quasideterminants, which were introduced 
by Gelfand et al in ^4j. An n x n matrix Z = (zy)„xn over a ring TZ (noncom- 
mutative, in general) has quasideterminants, each of which is denoted \Z\ij 
for 1 < i, j < n. Let denote the row vector obtained from the ith row of Z 
be deleting the jth entry, let cj denote the column vector obtained from the jth 
row of Z by deleting the ith entry, let Z*-' be the matrix obtained from Z by 
deleting the ith row and jth column and assume that Z^^ is invertible. Then 
\Z\ij exists and 

\ZU,^z,,-ri{Z^^)-^. (9) 

For notational convenience, we box the leading element about which the expan- 
sion is made so that 

(10) 



The quasideterminant solutions obtained from binary Darboux transformations 
reduce to ratios of grammian determinants in the commutative limit and we call 
them quasigrammians. 

In this paper, we will consider the case where the dependent variables in 
ncKP and ncmKP are matrices and apply the methods used in [8l [9l [TOl [7] . 
From this platform, we investigate the interaction of the two-soliton solution of 
the matrix versions of ncKP and ncmKP. 
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2 Quasigrammian solutions of the ncKP equa- 
tion 

In this section we recall the construction of the quasigrammian solutions of 
ncKP in [5]. The adjoint Lax pair is 

Ll,^dl+vl+dy, (11) 

Ml = -Adl - Gvldx - 3vl + 3vl - dt . (12) 
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Following the standard construction of a binary Darboux transformation (see 
[16]), one introduces a potential satisfying 

The parts of this definition are compatible when ivKp[0] — -^^kp['/'] = and 
-^^Kp['0] — M^p[^jj] — 0. Note that we can define 0($,\I') for any row vectors 
$ and ^ such that Lkp[$] = Mkp[$] = and = = 0. Conse- 

quently, if <f> is an m-vector and ^' is an n-vector, then is an m x n matrix. 
A binary Darboux transformation is defined by 



and 



in which 



0[n+l] = 4>[n] - d[n]^{d[n], P[n]) "^^^(^[n] , ) 
V'ln+l] ^-^M - P[n]^iO[n], P[n]y^^iO[n],i^[n])\ 



Using the notation Q = (9i, . . . 9„) and P = (pi, . . . , p„) we have, for n > 1 



2+1] 



i](e,p) f7(0,p) 




f7(e,p)t 17(9, v)t 


e 






p 







and 



^^(0[n+l], V'[«+l]) 



17(8, P) 17(0, P) 



17(8,7^) 17(0, V) 



The effect of the binary Darboux transformation 

Lkp — Ge^^LKpGg^, Mkp = Ge^^AlKpGg^ 

is that 

After n binary Darboux transformations we have 

n 

v[n+i] = vo + 2^6'[fc]17(6'[fc],p[fc])"V[fc] 
fc=i 

17(8, P) Pt 
8 RT 



Wo -2 



(13) 
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2.1 Two-soliton matrix solution 

We now derive matrix solutions of ncKP using the methods applied in f5] . The 
trivial vacuum solution vq = O gives 



v = -2 



e [o 



(14) 



The eigenfunctions 9i and the adjoint eigenfunctions pi satisfy 

^i^xx — ^i^y^ ^i^t — ^^i^xxx^ (■^^) 

and 

Pi. XX — Pi^y^ Pht — ^Pi^xxx7 (■^^) 

respectively. We choose the simplest nontrivial solutions of (fT5|) and (fT6|) : 

e,=Aje^^, = B,e-T-, (17) 

where r/j — pj{x + PjV — 4,p'jt),ji = qi{x + Qiy — 4:qft) and Aj,Bi are d x m 
matrices. With this, we have 

[Pj - 1i) 

We take Aj = rjPj, where rj is a scalar and Pj is a projection matrix. With Aj 
chosen in this way, we must have m = d. We choose Bi = I and the solution u 
will be a d X d matrix. 

In the case n = 1, we obtain a one-soliton matrix solution. Expanding (|14p 
gives 

2rP 



The above calculation and others that that follow use the formula 

(/ — aP)^^ = I + aP{l — a)^^ where a 7^ 1 is a scalar and P is any projection 

matrix. We now have 

u^v^^^ip- q fP sech^ ("1 _ ^ + ^) V (18) 



where C = log ((^). 

In the case n = d = 2, we obtain a two-soliton 2x2 matrix solution. By 
expanding (fT4|) we get 

= 2 (JfieTi K2e^2^ (u-'r^) " ^^^^ + ^2)- 
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Therefore 

/ 7., p(»)l-7l) \ , ^ p(»7i-7i) 

J+ -P^ = e^^i-^i^Ai - -K2Ai, 

V (Pi-qi) J 

K2{l+ Y r^2 = e(''^-^=)^2 - ri^iA2. 

We assume that the Pj are the rank-1 projection matrices 

where the 2- vectors Hjjiyj satisfy the condition {^j, Vj) ^0. Solving for Ki and 

K2 gives 

K2 = i^l^ {g,{p2 - q,)I - Ai) A2, 
where gi = e^^*"''*) + (p[ig.) , 9 = 9i92{p\ - q2){P2 - qi) - anr2 and 

_ (^l,t'2)(^2,t^l) 
(^l,l'l)(^2,I'2) ' 

We now investigate the behaviour of t;[3] as t -h. ±00. This will demonstrate 
that each soliton emerges from interaction undergoing a phase shift and that 
the amplitude of each soliton may also change due to the interaction. We first 
fix 71 — jji and assume without loss of generality that > p2 > 92 > Pi > 9i • 
As f — > —00 

V ~ 2 

91 

and therefore 



Vx ~ ^(Pi - «i)^-Pi sech^ Q {ni - li + ii)^ , 



(19) 



where =log(^^^). 

Note that u = is invariant under the transformation u — > t; + C, where C 
is a constant matrix. As t ^ +00, we get 

^^,(r2(pi-g2) - (P2-g2)A2)(P2-gl)Ai-((pi-g2)Ai-ari(p2-92))(P2-g2)A2 

r2(pi-g2)(P2-gi)(gi- j:X7-l) ) 



(pi -91) 



5 



where h ^ n(l- £(£i^9i)(£a^ ) ^ ^ (P2-<,2){^^u-2)t^2 

\ (pi— 92)(P2 — gi) y ' f^-^ f^-^ (pi-q2)(il2,y2) ' 

^ (P2-g2)(M2,»^i)»^2 p ^ liMi ^ Therefore 

{P2-9l)(/J2.1'2) (MIi^'i) 

= «x - - sech^ Q (,71 - 71 + ^+)^ (20) 

where ^+ = log((^^). 

Similarly, fixing 72 — 772 gives 

u~ ^(p2-g2)'P2sech2 Q (7^2-72+^2")) , t^_oo (21) 

i(p2-92)'i'2sech2 (i (7/2-72 + ^2+) h i^+oo, (22) 
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where =r,il- fj;-!\liro!f - ^fe^. A2 - M2 ^ (pi-.i)(.2,..).. 



(Pl-92)(P2-gi) / {P2,V2) ' (p2-gi)(All.l'l) 

^2 = -2-%r^|5f^, A = ^2- = log ( and ^2+ = log ( . 

The soliton phase shifts Aj = — are 

Ai=log(^^^ = log/3, A2=log(^g^ = -log/3, 

where /? = 1 - "(Pi-g'-HP^-g^) . 

^ (Pl-92)(p2-9l) 

The matrix amplitude of the first soliton changes from \{pi — qi)^Pi to 
^{Pi — 9i)^^'i and the matrix amplitude of the second soliton changes from 
|(P2 — q2)^P2 to i(p2 — 92)^^2 as t changes from —00 to +cxd. If 
(Mi,t^2) = 0(^2^"! = 0) or (At2,^i) = 0(PiP2 = 0), then a = and therefore 
/3 = 1, so there is no phase shift but the matrix amplitudes may still change. If 
(a*i, 1^2) = and (^2, 1'l) = (giving P1P2 = P2P1 =0), there is no phase shift or 
change in amplitude and so the solitons have trivial interaction. Figure 1 shows 

a plot of the interaction with Pi = ^] and P2 — ^ 



Q y " 121 ^^-150 -25 

3 Quasigrammian solutions of the ncmKP equa- 
tion 

The construction of this particular binary Darboux transformation is given in 
[18] and also in [17] (for Lax operators with matrix coefficients). The adjoint 
Lax pair is 

= 5" - - 2w^d, + dy, 

ML, = -4dl + Uw^dl + 6{3wl-w^^-W^)d, + 6{wU-[wlw^+-W^) - dt. 
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Figure 1: Plot of u = (u,j)2x2 with t = Q,pi = qi = p2 = ^, (72 = ^, 
ri = 2 and r2 = 1. 

For notational convenience, we denote an element of ker L^kp Hker AfJ^KP by 0a;- 
One introduces a potential ri((/),'0) satisfying 

i}{(f>, i>)x = 'lp^(t>x, 4')y = ^Ip^Wipx + 1p^(l)xx - ll^l4'x, 

+ 6lplw(t)x - 6lp^W(f)xx)- 

A binary Darboux transformation is defined by 
and 

in which 

^[n] = 0[n]U^e„, P[n] = '^[n]\i:^p„- 
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Using the notation 8 = (^i, . . . 6'„) and P = (pi, . . . , p„), we have, for n > 1 



'[n+l] 





, V'[n+l] = 


n(e,p)t n{e,0 


e 






p 







The effect of the binary Darboux transformation 
is that 



/ 



e 



/, 



where / is given in ([5]). After n Darboux transformations we have 



n(p,Q) pt 
e 



3.1 Two-soliton matrix solution 

The trivial vacuum solution f ^ I (giving w = W — O) gives 



F = 



n{p,e) pt 
e 



(23) 



The eigenfunctions 9i and the adjoint eigenfunctions pi satisfy (fT5|) and (I16p 
respectively. We again choose the eigenfunction solutions of the form (fT7|) . 
With this, we have 



qi{Pj-qi) 



As in the previous section, we take Aj — VjPj and Bi ~ I. So the solutions w 
and W will be d x d matrices. 

In the case n = 1, we obtain a one-soliton matrix solution. Expanding 
gives 



F ^ I 



rp 

q 



= (7-'?) 



rp 



If r > and either (7>j)>OorO>(7>p, or alternatively, if ?' < and either 
p>q>QoT:0>p>q then 
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w = -F^F = -^(pq) {p - qyPsech { - iv - 1 + 'P) ] scch (-(??- 7 + x) ) , 
W = -FyF-^ = {p + q)w, 



1 



1 
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where = log( g(p^'g) ) and x — ^^^^ (p-q) )- Both w and W have a unique 
maximum where 

In the case n = d ^ 2, we obtain a two-soliton 2x2 matrix solution. 
Expanding (^5]) gives 



2x2 I IS-ZL 



Solving for Li and L2 gives 

il = qi)qi ^^^^ _ g2)'72/l2i^+Pl^2)^l, 

where hi = e^'^^"''^) - (^-3^7)^, ^ = hih2qiq2{pi - 92)^2 - gi) - apiP2?'i''2 and 
a is as defined in the previous section. 

We now investigate the behaviour of F as i ±00. We first fix ryi — 71 
and assume without loss of generality that > p2 > 92 > Pi > 9i- Then, as 

t — > — CX), 



and therefore 



w^-F^F ^ kpi -9i)^^'isech Q (771 -71 + ^3;^ 

X sech Q (r/i - 71 + xf)^ : (24) 

where = log(ilo^r^) and xr = log((];r^)- 

Note that w — —F^F^^ and W — ~FyF^^ are invariant under the trans- 
formation F — > FC where C is a non-singular constant matrix. As t —^ +00, 
we get 

p. J ^ (''2P2(Pl~-g2)-Pl(P2-g2)^2)(P2-gl)^l- (P2 (Pl " g2)^l - (P2 - g2) ) 

hir2P2qi{pi-q2)iP2-qi) + apip2rir2{p2-q2) 

^ t \A ( T AP'^^ q2)A2 

X (P2-q2)A2 /H 

V 92 ^'2 

lip 

^1+ , 

efi-vi Ein 
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where fi - n (l~ "(Pi-9i)(P2-g2) \ _ ri(iiifii) ~ _ 
~ 9i(P2-g2)(y2..^i).^2 p ^ Therefore 



Pl(P2-q2)(pi.l^2)ti2 
P2{pi-q2){p.2,y2) ' 



w = -F^F-^ ~ -^{piqi)-i{pi-qi)^Pisech Q (t^i - 71 + 

xsechQ(77i-7i+x^)^, (25) 

where ip+ = log( J;^) and xt = log((^;^). 
Similarly, fixing 72 — 772 gives 

W ^{P2q2rHp2 - g2)^-P2 Sech Q (?72 - 72 + (^2^ 

X sech Q (?72 - 72 + X2")^ , * "Oo, (26) 

w ^{P2q2yHp2 - g2)^-P2 sech Q (r/2 - 72 + <^J^ 

X sech (772 - 72 + X^)^ , i -> +00, (27) 
where f 2 = ^2 f 1 - 2(pi.z3j^(p2^) ^ ^(f^ M2 - A^2 - P^tP^'-^^^^.f -"^^'^^ 

f-. _ ,, 92 (Pl-gi)(Ml.'^2)'^l p _ p,2'g>i>2 _ l^^f* -^2^2 \ _ -f2 \ 

(j9+ = logf "P^'''' ) and (J?" = logf ~p^'^^ ) 
V-^2 g2(p2-g2) ' g2(p2-92) 

The soliton phase shifts = — A~ are 

Ai=log(^^^ =-\og(3, A2 = log(^^^ ^ log 13. 

The matrix amphtudc of the first soHton changes from 
~jiPiQi)~'^{Pi ~ qif'Pi to —\{piqi)^^{pi ~ qif'Pi and the matrix ampUtude 
of the second soliton changes from —^(^292)^^(^2 — <Z2)^-f2 to 
~ i (^2 92 ) ^ ^ (P2 ~ q2)^P2 as t changes from —00 to +00. Figure 2 shows a plot 

of the interaction with -Pi = ( „ I and P2 ~ -h i r. 

^ \0 / ^ 13 V 8 -3, 



4 Conclusions 

In this paper, we have considered a noncommutative KP and a noncommutative 
mKP equation. It was shown that solutions of ncmKP obtained from a binary 
Darboux transformation could be expressed as a single quasideterminant. In 
addition, we have used methods similar to those employed in [S| and obtained 
matrix versions of both ncKP and ncmKP. Finally, we investigated the inter- 
action properties of the two-soliton solution of both ncKP and ncmKP. This 
showed that as well as undergoing a phase-shift, the amplitude of each soliton 
can also change, giving a more elegant picture than the commutative case. 
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m,2 















Figure 2: Plot of uj = (wij)2x2 with t = 0, pi = \, qi = |, p2 = -j, q2 = -|, 
ri = 1 and r2 = —1. 
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